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Abstract: We perform a series of dimensional reductions of the 6d, N = (2, 0) SCFT
on S2 × Σ × I × S1 down to 2d on Σ. The reductions are performed in three steps: (i) a
reduction on S1 (accompanied by a topological twist along Σ) leading to a supersymmetric
Yang-Mills theory on S2 × Σ × I, (ii) a further reduction on S2 resulting in a complex
Chern–Simons theory defined on Σ × I, with the real part of the complex Chern-Simons
level being zero, and the imaginary part being proportional to the ratio of the radii of S2
and S1, and (iii) a final reduction to the boundary modes of complex Chern–Simons theory
with the Nahm pole boundary condition at both ends of the interval I, which gives rise to
a complex Toda CFT on the Riemann surface Σ. As the reduction of the 6d theory on Σ
would give rise to an N = 2 supersymmetric theory on S2 × I × S1, our results imply a
4d-2d duality between four-dimensional N = 2 supersymmetric theory with boundary and
two-dimensional complex Toda theory.
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1 Introduction, Summary of Results and Relevant Works
The two main classes of dualities that can be derived from dimensional reductions of the
6d, N = (2, 0) theory come under the names of 4d-2d [1] and 3d-3d [2] dualities. The
state of the art in this area of research is nicely summarized in [3, Introduction], which
also comes with a comprehensive list of references. In this paper, we would like to derive
a 4d-2d duality that has not yet been listed in [3, Introduction].
To this end, note that in [4], a supersymmetric theory was constructed on S2 × S2,
and its partition function was computed using the technique of localization. The authors
observed that the building blocks of the partition function contained three-point functions
and conformal blocks of Liouville gravity [5], [6], and so they conjectured a novel AGT-like
correspondence between the 4d supersymmetric theory on S2×S2 and 2d Liouville gravity.
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To obtain a proof of this conjecture, one will need to consider two physically equivalent
reductions of the N = (2, 0) SCFT on M6 = S2 × Σ × S2. The first reduction on Σ
presumably gives us a 4d supersymmetric theory on S2×S2, while the second reduction on
S2 × S2 ought to give us Liouville gravity on Σ. Our original goal was to explicitly carry
out the second reduction along the lines of [7].
However, it seems that the geometry of M6 = S
2 × Σ × S2 does not satisfy the con-
straints imposed by integrability conditions of the generalized Killing spinor equations, i.e.
there are no preserved supersymmetries on M6. (What we can say is that a rather general
ansatz motivated by group theory considerations did not pass the test, although we have
to emphasize that we do not have a no-go theorem, since it is quite involved to handle a
full ansatz for the self-dual three form T from the six dimensional viewpoint, especially
due to the appearance of non-linear terms.)
That being said, note that the metric of M6 = S
2 × Σ× S2 can be written as
ds2 = R2
(
dθ2 + sin(θ)2dφ2
)
+ eA(x,y)
(
dx2 + dy2
)
+ R˜2
(
dθ˜2 + sin(θ˜)2dφ˜2
)
, (1.1)
where A(x, y) is a local conformal factor of the metric on the Riemann surface Σ with
coordinates x, y; in the cylinder limit sin(θ˜)→ const, we have M6 = S2 ×Σ× I × S1, and
in this case, we have preserved supersymmetries. As such, we shall, in this paper, consider
the reduction of the N = (2, 0) SCFT in this cylinder limit.
Summary of Results
This paper is devoted to dimensionally reducing the 6d, N = (2, 0) superconformal
field theory (SCFT) on the manifold M6 = S
2 × Σ× I × S1 (where we topologically twist
along Σ, a Riemann surface) over S2 × I × S1 down to Σ. The reduction is performed in
three steps, and the main results of this work can be summarized as follows:
(i) We first reduce on S1 to obtain a five-dimensional supersymmetric Yang-Mills (SYM)
theory defined on M5 = S
2 × Σ× I, which retains all the original sixteen supersym-
metries. It is specified by the action provided in (4.2)–(4.5). (The corresponding
sixteen supercharges explicitly form a superconformal algebra, and can be regarded
as a conformal extension of eight supercharges. This point will be further elaborated
at the end of section 3.1.)
(ii) Next, we dimensionally reduce the obtained 5d SYM on S2 to get a complex Chern–
Simons theory on M3 = Σ × I, with the quantized real part of the level k = 0 and
the imaginary part of the level s = iR
R˜
(where R [R˜] is the radius of S2 [S1]). The
action is given in (4.45).
(iii) Lastly, we study the boundary modes of the complex Chern–Simons theory. They
turn out to describe a complex Toda CFT on Σ with coupling constant
(
k = 0, s = iR
R˜
)
.
The action is given in (5.4).
Then, by our results listed above, we will conclude the paper by showing that there ex-
ists a 4d-2d duality between four-dimensionalN = 2 supersymmetric theory with boundary
on S2 × I × S1 and two-dimensional complex Toda theory on Σ.
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Relevant Works
Since the 6d N = (2, 0) SCFT has no known Lagrangian description, step (i) is essen-
tial in the sense that only after which, we have a Lagrangian theory to which we can apply
standard field theory methods. The appropriate framework for this dimensional reduction
was developed in [8]. It is applicable whenever the six dimensional manifold M6 contains
a (possibly non-trivial) circle fibration, S1 →M6 →M5. In such a case, the authors of [8]
showed that the resulting theory defined on M5 is a supersymmetric Yang-Mills theory in
general supergravity background; they provided explicit expressions determining this the-
ory, in particular, its Lagrangian. It depends on bosonic supergravity fields, and these are
either fixed by geometry of the fibration S1 →M6 →M5 or have to be derived by solving
the generalized Killing spinor equations. These equations are indeed the central object of
the whole reduction procedure, since (I) they allow to solve for bosonic supergravity fields
that are not already fixed by geometry, and (II) they provide generalized Killing spinors
parameterizing supersymmetry transformations of the SYM theory, i.e. supersymmetry is
preserved only if they admit non-trivial solutions or equivalently when integrability condi-
tions are fulfilled, which in turn imposes constraints on the geometry of M5.
We should state that conclusions similar to that obtained in step (ii) were derived
earlier in [9] and [10] using different methods.1 The authors used a bottom-up approach
(based partly on trial and error methods) to construct 5d SYM on M5, and then applied
supersymmetric localization to get the Chern-Simons theory with level k = 0 on M3.
Nonetheless, it is still useful to rederive their results from our top-down approach – this
way, we can exploit the power of the formalism introduced in [8] and test its validity.
In fact, the formalism in [8] has been already applied in [12], [7] and [3]. These works
study reductions of the 6d N = (2, 0) SCFT formulated on different six-manifolds M6,
and all are related to topics investigated in this paper. For instance, [3] explains how to
properly take care of (Nahm pole) boundary conditions – this is precisely what we need,
since our geometry contains a boundary almost identical to theirs. In [12] and [7], the
authors considered N = (2, 0) SCFT on S3/Zk ×M3, where k ∈ Z>0, and reduced it to
complex Chern–Simons theory on M3 with quantized level k – thus, our result in step (ii)
is parallel to theirs where we obtain complex Chern–Simons theory at level k = 0 instead
because we consider S2 × S1 and not S3/Zk.
The appropriate objects suited to capture the general situation are lens spaces L(k, 1).
Consider the N = (2, 0) SCFT on M6 = L(k, 1) ×M3. Dimensional reduction on L(k, 1)
results in complex Chern–Simons theory on M3 at level (k, s). The quantized real part k
is fixed by the geometric invariant specifying the lens space, while the imaginary part s is
also fixed by geometric considerations, although it depends on the details of the fibration
S1 → M6 → M5 whence it cannot be described uniformly. Setting k = 0 reduces to the
1In these references, a complex Chern–Simons theory with level k = 0 and s = 8pi2 R
e2
, where e2 ∝ R˜,
was obtained. The geometric dependence of the imaginary part of the level s on the radii of the sphere and
the circle is consistent with our result s = iR
R˜
. However, note that our level s is purely imaginary while
theirs is real. Nevertheless, both cases correspond to a unitary branch of complex Chern–Simons theory as
discussed in [11].
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geometry we are dealing with in this paper, since L(0, 1) ' S2 × S1, and one gets s = iR
R˜
.
For k ≥ 1, the lens space L(k, 1) is isomorphic to S3/Zk, and s = 0 for the non-squashed
space, while for the squashed one, S3` /Zk, s =
√
1− `2.
Although [7] provided the generalization to k > 1, the main corollary of that paper
was to explain how Toda CFT emerges in the AGT correspondence [13]. This was done
by considering dimensional reduction on S4 (regarded as a nontrivial product of S3 and
I) of the N = (2, 0) SCFT defined on S4 × Σ, and explicitly showing that it leads to
real Toda theory on Σ. The essence of this analysis was a careful treatment of boundary
modes of complex Chern–Simons theory and their reduction to Toda fields caused by Nahm
pole boundary conditions. In this sense, the conclusions obtained in step (iii) are just a
specialization of the more general results gathered in [7]. As the reduction of complex
Chern–Simons theory on M3 = Σ × I to complex Toda theory on Σ holds for all k, all
that is needed in our case is to consider a k = 0 complex Chern–Simons theory in place of
a k ≥ 1 one. It is only when one tries to relate the complex Toda theory to a real Toda
theory plus (possibly) a decoupled CFT, as was done in [7], that the k = 0 case, unlike the
k ≥ 1 case, encounters an obstruction that we will elaborate upon in Section 5.
Plan of the Paper
The plan of the paper is as follows. In Section 2 we consider the 6d N = (2, 0) SCFT
on M6 = S
2 × Σ × I × S1, fully describe the geometry of the base M5 = S2 × Σ × I
of the circle fibration, and provide an ansatz for bosonic supergravity background fields
based on group theory methods. In Section 3, we use this ansatz to simplify and solve
the generalized Killing spinor equations. Finishing this step completely determines the 5d
SYM theory. In Section 4, we move on to examine the dimensional reduction of the 5d
SYM on S2. This analysis culminates by recognizing that the three dimensional effective
theory is a complex Chern–Simons theory. Finally, in Section 5, we briefly discuss that
the theory living on the boundaries of Σ× I with Nahm pole boundary conditions for the
complexified Chern–Simons connection at both ends of the interval, can be obtained along
the lines of [7] in an unaltered way. The result is a complex Toda theory defined on Σ.
Index conventions, gamma matrices and technical expressions displaying results of
dimensional reductions are summarized in three short appendices.
2 Supergravity background fields on S2 × Σ× I
In this section, we introduce the space-time structure of six-dimensional (2,0) supergravity
and discuss the transformation properties of the supergravity background fields under the
Lorentz symmetry and R-symmetry.
To begin with, the 6d metric on S2 × Σ× I × S1 is given by
ds2 = R2(dθ2 + sin2 θdφ2) + eA(x,y)
(
dx2 + dy2
)
+ du2 + R˜2dφ˜2, (2.1)
where A(x, y) is a conformal factor of the metric on Σ while R and R˜ are the radii of
the S2 and the S1, respectively. In a general six-dimensional (2,0) supersymmetric theory,
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the Lorentz and R-symmetry group is SO(6)L × Sp(4)R. To describe our background, it
is natural to split the Lorentz group as SO(2)S2 × SO(2)Σ × SO(2)S1×I . However, since
there is no Lagrangian for six-dimensional SCFT, our strategy is to first construct the five-
dimensional SYM on S2×Σ× I in a supergravity background by dimensional reduction of
the six-dimensional theory on the S1. Hence, the remaining Lorentz group is SO(2)S2 ×
SO(2)Σ.
2 Correspondingly, we split the R-symmetry group Sp(4)R as SO(2)R × SO(2)R.
Given the decompositions of the symmetry groups, we now provide the transformation
properties of the background fields under these decomposed groups, which can guide us
to choose the correct ansatz for the background fields and simplify the Killing spinor
equations further in the next section. First, a summary of the background fields for the
six-dimensional off-shell gravity multiplet is shown in Table 1, where the conventions for
indices are summarized in Appendix A.
From the line element ds2 = δABe
A
µ e
B
ν dx
µdxν given in (2.1) we extract the coframe
e
A
µ . Since we will be using the framework of [8], we need to compare to their more general
coframe E
A
µ (adapted to a circle fibration over a five dimensional manifold), in order to
identify some of the supergravity background fields already at this stage. The coframes
read
eAµ = diag
(
R,R sin θ, e
1
2
A(x,y), e
1
2
A(x,y), 1, R˜
)
, EAµ =
(
EAµ E
6
µ = α
−1Cµ = 0
EA6 = 0 E
6
6 = α
−1
)
,
(2.2)
from where we conclude that the supergravity background fields – the scalar field α and the
five-dimensional gauge field Cµ (called the dilaton and graviphoton, respectively) – take
the values
α = R˜−1, Cµ = 0. (2.3)
Therefore, the dilaton is a constant field and the field strength G = dC for the gravipho-
ton vanishes, which simplifies the generalized Killing spinor equations studied later. The
remaining bosons are reduced as
VABˆCˆ →
{
VABˆCˆ
V6BˆCˆ ≡ SBˆCˆ
,
TAˆBCD → TAˆBC6 ≡ TAˆBC ,
D(AˆBˆ) → D(AˆBˆ).
(2.4)
Under the Lorentz symmetry group before and after the splitting we performed, the
background fields transform as
SO(6)L → SO(2)S2 × SO(2)Σ
A : 6 → (±2, 0)⊕ (0,±2)⊕ 2× (0, 0)
[BCD](+) : 10 → 2× (0, 0)⊕ (±2,±2)⊕ (±2, 0)⊕ (0,±2)
[BC] : 15 → 3× (0, 0)⊕ (±2,±2)⊕ 2× (±2, 0)⊕ 2× (0,±2)
(2.5)
2One may note that in the bulk of the three-dimensional manifold Σ× I, Lorentz symmetry SO(3) can
be restored, and only the boundary of the interval I breaks the Lorentz symmetry, which results in the
residual Lorentz symmetry SO(2) on Σ.
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Table 1. The bosonic gauge fields of the 6d (2, 0) conformal supergravity
Label Field Properties so(6)L sp(4)R
e
A
µ Coframe – 6 1
α Dilaton – 1 1
VABˆCˆ R-symmetry gauge field VABˆCˆ = −VACˆBˆ 6 10
TAˆ[BCD] Auxiliary 3-form TAˆ = − ? TAˆ 10 5
D(AˆBˆ) Auxiliary scalar DAˆBˆ = DBˆAˆ, D
Aˆ
Aˆ
= 0 1 14
and under the R-symmetry group as
SO(5)R → SO(2)R × SO(2)R
Aˆ : 5 → (±2, 0)⊕ (0,±2)⊕ (0, 0)
[BˆCˆ] : 10 → 2× (0, 0)⊕ (±2,±2)⊕ (±2, 0)⊕ (0,±2)
(AˆBˆ) : 14 → (±4, 0)⊕ (0,±4)⊕ (±2,±2)⊕ (±2, 0)⊕ (0,±2)⊕ 2× (0, 0).
(2.6)
Now, we twist our theory on Σ by defining the new Lorentz group SO(2)′Σ as the diag-
onal subgroup of SO(2)Σ×SO(2)R. Then, under the residual symmetry group SO(2)S2 ×
SO(2)R × SO(2)′, the background fields TAˆ[BCD], VABˆCˆ , and DAˆBˆ transform respectively
as
SO(6)L × SO(5)R → SO(2)S2 × SO(2)R × SO(2)′
TAˆBCD : (10, 5) → (±2,±2,±2)⊕ (±2, 0,±4)⊕ 2× (±2, 0,±2)⊕ (±2,±2, 0)⊕ (0,±2,±2)
⊕(0, 0,±4)⊕ 3× (±2, 0, 0)⊕ 3× (0, 0,±2)⊕ 2× (0,±2, 0)⊕ 4× (0, 0, 0)
VABˆCˆ : (6, 10) → (±2,±2,±2)⊕ (0,±2,±4)⊕ 3× (0,±2,±2)⊕ (±2,±2, 0)
⊕(±2, 0,±2)⊕ (0, 0,±4)⊕ 4× (0,±2, 0)⊕ 4× (0, 0,±2)
⊕2× (±2, 0, 0)⊕ 6× (0, 0, 0)
D(AˆBˆ) : (1, 14) → (0,±2,±2)⊕ (0,±4, 0)⊕ (0, 0,±4)⊕ (0, 0,±2)⊕ (0,±2, 0)⊕ 2× (0, 0, 0).
(2.7)
Based on the fact that the background fields should be singlets in 5d theory, we summarize
the possible non-vanishing background fields as follows:
S1ˆ2ˆ = s
S3ˆ4ˆ = s˜
V34ˆ5ˆ = w
V43ˆ5ˆ = w˜
V51ˆ2ˆ = v
V53ˆ4ˆ = v˜
T3ˆ45 = T˜
T4ˆ35 = T
T5ˆ12 = t
T5ˆ34 = t˜,
(2.8)
while the general ansatz for D is DAˆBˆ = d1(δ1ˆ1ˆ + δ2ˆ2ˆ) + d2(δ3ˆ3ˆ + δ4ˆ4ˆ) + 2(−d1 − d2)δ5ˆ5ˆ.
3 Solving the generalized Killing spinor equations
The generalized Killing spinor equations (GKSE) of six dimensionalN = (2, 0) supergravity
reduced to five dimensions were obtained in [8]. We briefly review the logic behind their
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derivation. In order to construct a quantum field theory defined on a rather general 3 five
dimensional manifold M5 that is invariant under rigid supersymmetry, we use supergravity
as a tool to achieve it [14]. Concretely, the (2, 0) abelian tensor multiplet in six dimensions
was coupled to (2, 0) conformal supergravity [15, 16] in six dimensions. Finally, this coupled
system was dimensionally reduced to five dimensions and generalized to a non-abelian
setting, obtaining thus a non-abelian supersymmetric Yang-Mills theory defined on M5
that admits solutions to GKSE (otherwise supersymmetry of the resulting theory would
be broken) [8].
The above construction especially implies that bosonic supergravity fields are non-
dynamical, i.e. should be treated as background fields. In general, they are functions on
M5. However, it happens quite often that they actually take constant values related to
geometrical invariants of the five dimensional (pseudo)-Riemannian manifold (for example
they can be proportional to the scalar curvature). As we already emphasized the bosonic
supergravity fields are fixed and therefore, their variation under local supersymmetry trans-
formations (proportional to fermions in the supergravity theory) has to vanish, implying
that all fermion fields have to take zero values. Thus, applying a local supersymmetry
transformation δ to all the fermion fields has to give a vanishing result to keep them at
zero value
δ (fermions) = 0. (3.1)
These conditions are the generalized Killing spinor equations for spinors parameterizing
rigid supersymmetry variations in the 5d SYM theory. They take the form (note that the
spinor index of Spin(5) is suppressed)
0 = δψmA =DAζm +
i
2α
[
GABΩ
mn − αSmnηAB
]
ΓBζn
+
i
8α
[
GBCΩmn − 4α (Tmn)BC
]
ΓABCζn, (3.2)
0 = δχmnr =
[
TmnABTCDrs −
1
α
TmnABGCDΩrs +
1
12
(
DES[mr δn]s +DFTmnFEΩrs
)
εEABCD
]
× ΓABCDζs +
[
5
2α
TmnABG
A
CΩrs − 4TmnAB TACrs + 2TmnBCSrs − S[mp Tn]pBCΩrs
−R [mBCrδn]s +
1
2
DaTmnDEΩrsεADEBC
]
ΓBCζs +
[
1
α
TmnABG
ABΩrs − 2TmnABTABrs
− 4
15
Dmnrs
]
ζs − (traces). (3.3)
In the above formulae, ψ and χ are fermion fields in (2, 0) conformal supergravity, ζ is a
five dimensional spinor parameterizing rigid supersymmetry transformations, i.e. the gen-
eralized Killing spinor, while {G,α} are descendants of the six dimensional frame field and
are therefore fixed. The remaining bosonic background fields of supergravity {T, S,R,D}
3Constraints on the geometry of the manifold come from integrability conditions for the system of
generalized Killing spinor equations.
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are unknown at this stage and need to be solved for. For definitions of covariant derivatives
as well as explanation of the (traces) factor in the last line of (3.3), see equations (2.3) and
(2.17) in [8, v1].
The above system of equations has twofold consequences. First of all, it is a system of
partial differential equations for the generalized Killing spinor ζ. The number of indepen-
dent solutions to this system then gives the number of preserved rigid supersymmetries of
the theory defined on M5. At the same time it also provides constraints allowing to fix the
values of bosonic background fields {T, S,R,D}.
Our strategy for solving the system of equations (3.2) and (3.3) consists first of spe-
cializing (3.2) to our specific supergravity background M5 = S
2×R2×I.4 This amounts to
inserting concrete values for the supergravity fields G and α, which emerged from reduction
of the frame field in six dimensions. Then we solve this equation. By doing so, we get the
generalized Killing spinors as well as a subset of supergravity background fields {T, S,R},
i.e. all of them except for D. Only after finishing this first step we move to the second
equation (3.3) and plug in all the previously obtained background fields. This simplifies
the computation, since as we will see some terms vanish. Finally, we solve for D from such
simplified version of (3.3).
3.1 Form of GKSE (3.2) for M5 = S
2 × R2 × I
Let us specialize equation (3.2) to the geometry under consideration M5 = S
2 × R2 × I.
We convert the frame index to a coordinate one and write
δψmµ = {δψmθ , δψmφ , δψmx , δψmy , δψmu } = 0 (3.4)
as a system of equations for each coordinate component. To present this system in a concise
form we need to introduce some notation first, that makes manifest the representation
decomposition of the spinor on M5. Since the spin group of M5 factorizes as Spin(5) →
Spin(2)R2 × Spin(2)S2 , it is natural to assume the decomposition5
ζmΛ = 
α̂
α ⊗ ησ̂σ , (3.5)
where  is a spinor on R2 while η is a spinor on S2. The crucial assumption that we make
about the spinors  and η are
 = const, η = η(θ, φ). (3.6)
Action of an operator O on ζmΛ (the action is intended on both the spinor index Λ and the
R-symmetry index m) will then be represented in shorthand notation as
O · ζ =
([
A⊗ Â
]
· 
)⊗({
X ⊗ X̂
}
· η
)
≡
[
A⊗ Â
]{
X ⊗ X̂
}
(⊗ η) . (3.7)
4Remember, that we performed a twist on Σ, so we may treat it as flat space. Furthermore, the 5d
spinor will be taken in a special factorized form with the component along R2 assumed to be constant. See
(3.5) and discussion below.
5Before twisting the indices { α, σ︸︷︷︸
Lorentz
| αˆ, σˆ︸︷︷︸
R−symm.
} correspond to {so(2)R2 , so(2)S2︸ ︷︷ ︸
Lorentz
| so(2)αˆ, so(2)σˆ︸ ︷︷ ︸
R−symm.
}. Twisting
restricts so(2)R2 ⊗ so(2)αˆ to its diagonal subalgebra so(2)′, therefore after twisting α, αˆ transform under
this so(2)′ while σ, σˆ do not participate in the twisting procedure.
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So here we have two rules:
• operators in brackets act on spinors on R2 while those in braces act on spinors on S2,
• unhatted operators act on spinor indices while hatted operators act on R-symmetry
indices.
Now we arrived at a point when we can write the system of equations (3.2) in a
compact form. Plugging in our ansatz for the bosonic supergravity background fields (2.8)
(all components that are not listed in (2.8) vanish up to symmetry relations among different
components that are implicitly assumed) and substituting explicit expressions for gamma
matrices summarized in (B.1) we get the first GKSE in the form outlined in (3.4), in
particular the order of the equations is as indicated there
0 =
(
∂θ
[
1⊗ 1̂
]{
1⊗ 1̂
}
+R
(
s
[
1⊗ 1̂
]{
κ1 ⊗ κ̂
}
+ s˜
[
1⊗ κ̂
]{
κ1 ⊗ 1̂
}
− T
[
κ2 ⊗ κ̂2
]{
κ1 ⊗ κ̂
}
+ T˜
[
κ1 ⊗ κ̂1
]{
κ1 ⊗ κ̂
}
+ t˜
[
κ⊗ κ̂
]{
κ1 ⊗ κ̂
}))
ζ, (3.8)
0 =
(
∂φ
[
1⊗ 1̂
]{
1⊗ 1̂
}
+
i
2
cos θ
[
1⊗ 1̂
]{
κ⊗ 1̂
}
+R sin θ
(
s
[
1⊗ 1̂
]{
κ2 ⊗ κ̂
}
+ s˜
[
1⊗ κ̂
]{
κ2 ⊗ 1̂
}
− T
[
κ2 ⊗ κ̂2
]{
κ2 ⊗ κ̂
}
+ T˜
[
κ1 ⊗ κ̂1
]{
κ2 ⊗ κ̂
}
+ t˜
[
κ⊗ κ̂
]{
κ2 ⊗ κ̂
}))
ζ, (3.9)
0 =
(
iw
[
1⊗ κ̂1
]{
1⊗ 1̂
}
+ s
[
κ1 ⊗ 1̂
]{
κ⊗ κ̂
}
+ s˜
[
κ1 ⊗ κ̂
]{
κ⊗ 1̂
}
+ t
[
κ1 ⊗ κ̂
]{
1⊗ κ̂
}
+ T˜
[
1⊗ κ̂1
]{
κ⊗ κ̂
})
ζ, (3.10)
0 =
(
− iw˜
[
1⊗ κ̂2
]{
1⊗ 1̂
}
+ s
[
κ2 ⊗ 1̂
]{
κ⊗ κ̂
}
+ s˜
[
κ2 ⊗ κ̂
]{
κ⊗ 1̂
}
+ t
[
κ2 ⊗ κ̂
]{
1⊗ κ̂
}
− T
[
1⊗ κ̂2
]{
κ⊗ κ̂
})
ζ, (3.11)
0 =
(
iv
[
1⊗ 1̂
]{
1⊗ κ̂
}
+ iv˜
[
1⊗ κ̂
]{
1⊗ 1̂
}
+ s
[
κ⊗ 1̂
]{
κ⊗ κ̂
}
+ s˜
[
κ⊗ κ̂
]{
κ⊗ 1̂
}
+ t
[
κ⊗ κ̂
]{
1⊗ κ̂
}
+ t˜
[
1⊗ κ̂
]{
κ⊗ κ̂
})
ζ. (3.12)
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Note that (3.8) and (3.9) are partial differential equations for the spinor η on S2, while
(3.10) – (3.12) are constraints for the supergravity background fields and for the spinor 
on R2.
To proceed we take a linear combination6
[{κ}(3.9)− i sin θ(3.8)] resulting in[{
κ⊗ 1̂}∂φ + {1⊗ 1̂}( i
2
cos θ − i sin θ∂θ
)]
η = 0. (3.13)
The differential operator acts as identity on the R-symmetry index and produces thus two
identical equations for two columns of the matrix η labeled by R-symmetry. We pick one
and call it η˜. Let us choose anti-periodic boundary conditions under φ→ φ+ 2pi for η˜, i.e.
we are working in the Neveu–Schwarz sector. Then the Fourier expansion has the form
η˜ =
∑
m∈Z+ 1
2
cm(θ)e
imφ (3.14)
and from (3.13) we get ordinary differential equations for the coefficients cm(θ)
d
dθ
(
c+m(θ)
c−m(θ)
)
=
(
λ+m(θ) 0
0 λ−m(θ)
)(
c+m(θ)
c−m(θ)
)
(3.15)
where
λ±m(θ) =
(
±m− 1
2
)
1
2
tan
θ
2
+
(
±m+ 1
2
)
1
2
cot
θ
2
. (3.16)
The solution to this system of equations reads
η˜ =
∑
m∈Z+ 1
2
K+m (sin θ2)m+ 12 (cos θ2)−m+ 12
K−m
(
sin θ2
)−m+ 1
2
(
cos θ2
)m+ 1
2
 eimφ. (3.17)
Requiring regularity forces us to restrict the range of modes to m = ±12 only (otherwise
vanishing denominators appear at poles of S2).
We have a linear four-dimensional space of solutions spanned by {K+
+ 1
2
,K−
+ 1
2
,K+− 1
2
,K−− 1
2
}.
Therefore the final expression for η can be written in the form
η = βijηij ; i, j = ±, (3.18)
where βij are constants and ηij is a basis of solutions (rows are labeled by spinor index
while columns by R-symmetry index)
η++ =
[
0 sin θ2e
i
2
φ
0 cos θ2e
i
2
φ
]
, η+− =
[
− sin θ2e
i
2
φ 0
cos θ2e
i
2
φ 0
]
,
η−+ =
[
0 − cos θ2e−
i
2
φ
0 sin θ2e
− i
2
φ
]
, η−− =
[
cos θ2e
− i
2
φ 0
sin θ2e
− i
2
φ 0
]
. (3.19)
6We thank the referee for pointing this out to us, making thus the solution more compact.
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The columns of the above matrices form individual Killing spinors and so we see four of
them being independent. Let us group them as follows
η1 = e
− i
2
φ
(
cos θ2
sin θ2
)
, η1 = e
i
2
φ
(
sin θ2
cos θ2
) ∣∣∣∣∣ η2 = e− i2φ
(
− cos θ2
sin θ2
)
, η2 = e
i
2
φ
(
− sin θ2
cos θ2
)
(3.20)
in order to facilitate comparison with [17] or [18]. Indeed, (η1, η1) and (η2, η2) precisely
agree with the two pairs of conformal Killing spinors given in [17] parameterizingN = (2, 2)
superconformal symmetry on S2.
Now we move to fixing the supergravity background fields using the constraints (3.10) –
(3.12). The matrices in braces on the right hand side of these equations act on the nontrivial
spinor η, producing thus independent images of it. We require that the coefficient of each
such term vanishes separately, which fixes the supergravity background fields and moreover
imposes a constraint on the spinor . This leads to
(3.10) =⇒ w = t = s˜ = 0 s[κ1 ⊗ 1̂]+ T˜ [1⊗ κ̂1] = 0
(3.11) =⇒ w˜ = t = s˜ = 0 s[κ2 ⊗ 1̂]− T [1⊗ κ̂2] = 0
(3.12) =⇒ v = v˜ = t = s˜ = 0 s[κ⊗ 1̂]+ t˜[1⊗ κ̂] = 0 (3.21)
From the last column above we see that in order to find a solution (s = t˜ = T = T˜ = 0 is
not a consistent solution) we need  to be antisymmetric. Then the factors in the tensor
product can be swapped with a change of sign and (3.10) – (3.12) are solved by setting
τ ≡ T = −T˜ = −t˜ = −s. (3.22)
To fix τ we come back to (3.8) and (3.9). After substituting the values for supergravity
background fields found so far they can be presented in the form (here η± means the
R-symmetry doublet of spinors forming the columns of η)
∇zη+ = 2τγ(2D)z η+, ∇zη− = −2τγ(2D)z η−. (3.23)
Taking the commutator of either of these equations yields the integrability condition
1
4
Rzwz¯w¯γ
z¯
(2D)γ
w¯
(2D) = −4τ2
[
γ(2D)z , γ
(2D)
w
]
. (3.24)
Multiplying by γz(2D)γ
w
(2D) from the left results in a relation between τ and the scalar
curvature of S2
− R
(S2)
SC
2
= 16τ2, (3.25)
which immediately gives τ = ± i4R . We will pick the plus sign in the following.
From 5d point of view, the spinor (3.5) is the product of spinor  on R2 and η on S2,
which have four and eight components, respectively. Therefore, there are 32 supercharges.
(Note that the 6d (2,0) SCFT has 16 supercharges which can be extended to 32 supercharges
forming the superconformal algebra explicitly, and the reduction on S1 to 5d SYM should
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not break these supercharges. This is consistent with the number of the supercharges we
get here.) After we consider general manifold Σ, we need to perform the topological twist
on Σ discussed in section 2, which turns two components of the spinor  into two scalars.
Hence 16 supercharges – which are scalars on Σ – are preserved in the 5d theory.
3.2 Solving for the D background field from GKSE
It is an appropriate place here to summarize the list of bosonic supergravity background
fields, which were obtained in previous subsection and are needed to simplify the second
GKSE (3.3). The table (2.8) completes to
G = 0, α = R˜−1, SAˆBˆ = −
i
4R
εxˆyˆ, VABˆCˆ = 0, TAˆBC = −
i
4R
εaˆbc. (3.26)
In such a background (3.3) simplifies: terms that manifestly vanish are those containing
G, the field strength R for the R-symmetry gauge field V and also terms with covariant
derivatives, either DT or DS. Without using yet the explicit form for T and S the simplified
version reads
0 = δχmnr =T
mn
ABTCDrsΓ
ABCDζs +
[
−4TmnABTACrs + 2TmnBCSrs − S[mp Tn]pBCΩrs
]
ΓBCζs
+
[
−2TmnABTABrs −
4
15
Dmnrs
]
ζs − (traces). (3.27)
It is straightforward to show that the first term vanishes, indeed the TABTCD term has at
least one pair of common frame indices from the set {3, 4, 5} while ΓABCD is completely
anti-symmetric. Somewhat more involved is to see that the last term in first line vanishes
as well. We have[
Smp T
np
BC − (m↔ n)
]
=
[(
− i
4R
)
εxˆyˆ
(
Γxˆyˆ
)m
p
(
− i
4R
)
εdˆbc
(
Γdˆ
)np − (m↔ n)]
= − 1
(4R)2
εxˆyˆεdˆbc
[
Γdˆ,Γxˆyˆ
]
(3.28)
and the commutator
[
Γdˆ,Γxˆyˆ
]
vanishes, since dˆ ∈ {3, 4, 5} while xˆ, yˆ ∈ {1, 2}. Therefore
the only surviving terms in (3.27) are
0 = δχmnr =
[
−4TmnABTACrs︸ ︷︷ ︸
1
+ 2TmnBCSrs︸ ︷︷ ︸
2
]
ΓBCζs +
[
−2TmnABTABrs︸ ︷︷ ︸
3
− 4
15
Dmnrs
]
ζs − (traces).
(3.29)
Now, we are going to provide the (traces) part for the individual numbered terms (the
D field is already traceless). For some examples of these computations see (A.9) in [15,
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v2]. The results of this little calculation are
1 : − 4ΓBC
{
TmnABT
A
Crs −
4
5
δ[nr T
m]q
AB T
A
Cqs +
1
5
ΩmnT qABr T
A
Cqs
}
(3.30)
2 : 2ΓBC
{
TmnBCSrs −
4
5
δ[nr T
m]q
BC Sqs +
1
5
ΩmnT qBCr Sqs
}
(3.31)
3 : − 2
{
TmnABT
AB
rs −
4
5
δ[nr T
m]q
AB T
AB
qs +
1
5
ΩmnT qABr T
AB
qs
}
. (3.32)
The ansatz proposed for the D field has the form
DAˆBˆ = diag (d1, d1; d2, d2;−2(d1 + d2)) , (3.33)
which in turn induces
Dmnrs =d1
[(
Γ1ˆ
)mn (
Γ1ˆ
)
rs
+
(
Γ2ˆ
)mn (
Γ2ˆ
)
rs
]
+ d2
[(
Γ3ˆ
)mn (
Γ3ˆ
)
rs
+
(
Γ4ˆ
)mn (
Γ4ˆ
)
rs
]
− 2(d1 + d2)
(
Γ5ˆ
)mn (
Γ5ˆ
)
rs
. (3.34)
Substituting (3.30)–(3.32) together with (3.34) into (3.29) gives the final matrix equa-
tion needed to fix the unknown coefficients d1 and d2 entering the ansatz for the D field
(3.34). Perhaps the most efficient way how to get and solve a system of equations for these
two coefficients is to use a computer algebra software. We performed the computation in
Mathematica with the result
d1 = − 9
16R2
, d2 =
3
8R2
. (3.35)
4 Reduction to 3d Theory
The 5d Super-Yang-Mills action consists of four terms
S = SA + Sφ + Sρ + Sint. (4.1)
They are constructed by substituting the bosonic background fields given in (3.26) into the
general formulae (C.2)–(C.5). To keep compact notation we switch between so(5)/sp(4)
notation as appropriate. (Note that in the following we define φmn = φÂ
(
ΓÂ
)
mn
. And our
conventions for the indices and gamma matrices are summarized in Appendix A and B.)
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We list the four terms below:
SA =
1
8pi2R˜
∫
M5
Tr(F ∧ ?F ), (4.2)
Sφ =
1
8pi2R˜
∫
M5
d5x
√
g Tr
(
DµφÂDµφÂ −
i
R
aˆbcφaˆFbc
)
, (4.3)
Sρ =
i
32pi2R˜
∫
M5
d5x
√
g Tr
(
ρm /Dρm − 1
8R
ρm
[
zˆwˆ
(
Γzˆwˆ
)mn − aˆbc (Γaˆ)mn Γbc] ρn) ,
(4.4)
Sint =
1
32pi2R˜
∫
M5
d5x
√
g Tr
(
ρm [φ
mn, ρn]− 1
4
[φmn, φ
nr] [φrs, φ
sm] + i
4
3R
abcφa [φb, φc]
)
.
(4.5)
Spinor indices are implicit in these expressions and the covariant derivatives are defined as
DµφÂ = ∂µφÂ +
[
Aµ, φÂ
]
, (4.6)
Dµρm =
(
∂µ +
1
4
ωABµ ΓAB
)
ρm + [Aµ, ρ
m] . (4.7)
Observe that mass terms for the scalar fields φ
Â
induced by supergravity canceled among
each other, leaving thus all these fields massless in the 5d SYM.
With the five-dimensional action we obtained, we are now proceeding to do the reduc-
tion on the sphere. We will see that after the reduction, the massless modes of the fields on
the sphere give rise to the complex Chern-Simons theory. Let us analyze the four terms’
reduction in (4.1) to three dimensions respectively.
4.1 Gauge fields
The purpose of this section is to study the structure of massless modes of the gauge field
A, which emerges after dimensional reduction on S2. The result we are going to establish
here is
zero modes of Ab : massless
higher modes of Ab : mass ∝ 1
R
⇒ decoupled
all modes of AΘ : mass ∝ 1
R
⇒ decoupled,
(4.8)
where b denote the indices on Σ× I 7 and Θ = {θ, φ} denote the Lorentz vector indices on
S2, and the precise definition of the zero modes will be given in a moment. The proof of
this statement will be based on harmonic analysis on S2.
Effective masses for Kaluza–Klein modes of the gauge field originate purely from the
five dimensional Yang-Mills kinetic term, so we may concentrate just on this piece of the
7Note that after the topological twist, Σ is taken to be flat and thus its coframe vector indices coincide
with the curved vector indices.
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whole action
1
8pi2R˜
∫
M5
Tr (F ∧ ?F ) = 1
16pi2R˜
∫
M5
d5x
√
g TrFµνF
µν
= − 1
8pi2R˜
∫
M5
d5x
√
g TrAµ [∇ρ∇ρgµν − Riccµν ]Aν
+ (cubic and quartic interaction terms for non-abelian YM) .
(4.9)
Here we used the gauge fixing condition ∇µAµ = 0 together with careful integration by
parts to arrive at the second line, and as discussed above extracted just the kinetic term.
The operator in brackets will generate the effective masses after dimensional reduction on
S2, hence let us focus our attention to it:
Aµ [∇ρ∇ρgµν − Riccµν ]Aν = Ab∆M5Ab +AΘ
(
∆M5 −
1
R2
)
AΘ
= Ab (∆M3 + {∆S2})Ab +AΘ
(
∆M3 +
{
∆
(H);1
S2
})
AΘ. (4.10)
In the above equation we split the Laplace–Beltrami operator ∆M5 in accordance with
dimensional reduction on S2, i.e. into ∆M3 leading to kinetic terms in the effective action
on M3 = Σ× I and into ∆S2 producing effective mass terms (highlighted by braces). Here
∆
(H);1
S2
is the Hodge Laplacian (Laplace–de Rham operator) on one-forms and its relation
to the connection Laplacian (Laplace–Beltrami operator) is given as
∆
(H);1
S2
= ∆S2 −
1
R2
. (4.11)
Now, we expand individual components of the gauge connection to eigenmodes of the
operators denoted by braces in (4.10), i.e. harmonic functions on S2
Ab(M5) =
∑
l≥0
∑
|m|≤l
Al,mb (M3)Y
l,m(S2) (4.12)
AΘ(M5) =
∑
l≥1
∑
|m|≤l
ϕl,m(M3)Y l,mΘ (S2), (4.13)
where Al,mb (one-forms on M3) and ϕ
l,m (scalars on M3) represent Kaluza–Klein modes of
the five dimensional gauge connection while Y l,m and Y l,mΘ are scalar and vector spherical
harmonics, respectively. Their spectrum with respect to the Laplace–Beltrami operator on
S2 takes the form [19](Sec. III)
∆S2Y
l,m = λ
(S)
l Y
l,m; λ
(S)
l = −
1
R2
l(l + 1), l = 0, 1, 2, . . .
dλ(S)(l) = 2l + 1 (4.14)
∆S2Y l,mΘ = λ(V )l Y l,mΘ ; λ(V )l =
{
− 1
R2
[l(l + 1)− 1] (transverse)
− 1
R2
[l(l + 1)− 1] (longitudinal)
}
dλ(V ) = 2l + 1
l = 1, 2, . . . .
(4.15)
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In these expressions dλ(l) denotes the multiplicity of the corresponding eigenvalue λ and
note that for vector harmonics the case l = 0 is omitted.
Using orthonormality of spherical harmonics together with formulae (4.14), (4.15) one
can easily integrate the kinetic term in (4.9) over S2 to get the effective action for Kaluza–
Klein modes ∑
l≥0
∑
|m|≤l
∫
M3
Al,mb (M3)
[
∆M3 −
{
l(l + 1)
R2
}]
Abl,m(M3)
+
∑
l≥1
∑
|m|≤l
∫
M3
ϕl,m(M3)
[
∆M3 −
{
l(l + 1)
R2
}]
ϕl,m(M3). (4.16)
Therefore we can conclude that the scalar Kaluza–Klein modes ϕl,m (originating from
components on S2 of the five dimensional connection) all decouple, since their masses are
proportional to 1R and tend to infinity in the reduction limit R → 0 8. The same is true
for all l > 0 modes Al,mb . There is a single massless mode A
0,0
b (M3), which was referred to
as the zero mode in (4.8).
With this analysis at our disposal it is straightforward to perform the dimensional
reduction on S2 in (4.9). The final outcome is the effective action for this single massless
mode (the superscript (0, 0) will be dropped from now on)
SA =
R2
4piR˜
∫
M3
d3x
√
gM3 Tr(FabF
ab). (4.17)
4.2 Scalar fields
The plan of the reduction process is similar as for the gauge fields, thus we will be brief.
As a first step the kinetic term has to be isolated from (4.3). Afterward one integrates by
parts to obtain
φ
Â
(∆M3 + {∆S2})φÂ, (4.18)
where ∆M3 leads to kinetic terms in the effective theory on M3, while ∆S2 assigns effec-
tive masses to the Kaluza–Klein modes. Again, we may expand φ
Â
into scalar spherical
harmonics, which are eigenfunctions of ∆S2 with eigenvalues − 1R2 l(l + 1), l ≥ 0. Their
multiplicity is 2l + 1, hence we see that there is a single massless mode corresponding to
l = 0, i.e. a constant zero mode. All other modes have masses proportional to 1R , thus
become infinitely massive in the limit R → 0 and decouple from the low energy effective
theory.
Keeping only the massless modes collected so far, we compute the low energy effective
action by integrating (4.3) over S2. Since all these modes are constant on the sphere it is
a straightforward calculation leading to
Sφ =
R2
2piR˜
∫
M3
d3x
√
gM3 Tr
(
DbφzˆDbφzˆ +DbφaˆDbφaˆ − i
R
aˆbcφaˆFbc
)
. (4.19)
8Indeed, this was evident already from (4.10), since the operator producing effective masses for ϕl,m is
the Hodge Laplacian ∆
(H);1
S2
. However, it is a well known result that b1(S2) = 0, i.e. there are no harmonic
one forms, ∆
(H);1
S2
AΘ = 0, on the sphere and thus all modes must be massive with the mass scale set to
1
R
.
– 16 –
4.3 Fermions
In the five-dimensional Super-Yang-Mills theory, the kinetic and mass action for the fermions
is
Sρ =
1
32pi2R˜
∫
S2×M3
d5x
√
g Tr
(
ρmΛi /D
Λ
Πρ
mΠ + ρmΛM
mnΛ
ρΠ ρ
Π
n
)
. (4.20)
Here we have
/D = Γµ(∇µ + [Aµ, •]),
Mmnρ =
1
2
Smn − 1
2
/T
mn
= − 1
8R
[
zˆwˆ
(
Γzˆwˆ
)mn − aˆbc (Γaˆ)mn Γbc] ,
where the background fields S and T defined in Appendix A are solved in Section 2 and 3.
And note that with all the massive modes decoupled, we have the gauge field components
on the sphere Az = 0, which leads to
/DS2 = /∇S2 = Γz∇z. (4.21)
In order to do the dimensional reduction on S2, we need to decompose the fermions
according to their profile on the sphere. To do so, we first decompose the fermions with
respect to their representation under the symmetry group SO(2)R × SO(2)R × SO(2)L ×
SO(2)L
9:
ρmΛ = ααˆλσσˆ + (κa)ααˆξσσˆa , (4.22)
where λσσˆ and ξσσˆa are Grassmann fields dependent on all coordinates of M5 manifestly
taking the indices of the symmetry group SO(2)L × SO(2)R (attached to S2). After the
topological twist, λσσˆ transform as scalars under the left over unbroken diagonal subgroup
of the complementary SO(2)R×SO(2)L, while ξσσˆa as vectors on Σ×I. The next step is to
take the modes decomposition on the sphere. Here following [12], we choose a convenient
basis of modes which are eigenfunctions of the operator κ /∇S2 :(
κ · /∇S2
)σ
τ
Θτ =
n
R
Θσ, n ∈ Z/=0, (4.23)
with κ defined in Appendix B. The modes satisfy the orthogonality condition:∫
S2
d2x
√
gΘσΘ˜τBστ ∝ 1
R
δ(n+ n˜),
∫
S2
d2x
√
gΘσΘ˜τκστ ∝ 1
R
δ(n− n˜). (4.24)
To proceed the reduction, let’s first consider taking n = ±1 and defining the associated
modes as10 aσi and b
σ
i :(
κ · /∇S2
)σ
τ
aτi =
1
R
aσi ,
(
κ · /∇S2
)σ
τ
bτi = −
1
R
bσi , (4.25)
9 Here in the reduction down to the three-dimensional theory on I ×Σ, we actually perform the decom-
position under the symmetry group SO(2)R×SO(3)R×SO(2)L×SO(3)L following the prescription in [8].
This is because the Lorentz group is a priori SO(3) for M3 = I × Σ. However, due to the boundaries of
M3 – on which we will obtain a complex Toda theory after furture reduction – the symmetry group SO(3)
reduces to SO(2).
10To be specific, the modes a, b satisfy a stronger equation than (4.25). They are Killing spinors on
the punctured sphere (to avoid multi-valuedness at poles), related to (3.23) by appearance of the chirality
matrix κ on the right-hand sides. Their normalization is chosen for later convenience. Being Killing spinors
is fully equivalent to (4.25) together with the additional requirement of being conformal Killing spinors
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where i = ± (also denoted i = 1, 2) label two types of distinct solutions to the above
equations. Explicitly, they take the following form:
aσ+ =
eiφ/2√
4piR
[
i sin(θ/2)
cos(θ/2)
]
, aσ− =
e−iφ/2√
4piR
[
cos(θ/2)
i sin(θ/2)
]
,
bσ+ =
eiφ/2√
4piR
[
−i sin(θ/2)
cos(θ/2)
]
, bσ− =
e−iφ/2√
4piR
[
cos(θ/2)
−i sin(θ/2)
]
.
Integrating over the sphere, the non-vanishing pairs between the above modes are given
by ∫
S2
d2x
√
gaσi b
τ
jBστ =
R
4
Bij ,∫
S2
d2x
√
gaσi a
τ
j στ =
∫
S2
d2x
√
gbσi b
τ
j στ = −
R
4
ij .
(4.26)
Restricted to the sector of these first order modes with n = ±1, we can expand the
Grassmann fields defined in (4.22) as
ξσσˆa = ξ
iˆı
a δ
σˆ
ıˆ (a
σ
i + ib
σ
i ) + ξ˜
iˆı
a δ
σˆ
ıˆ (a
σ
i − ibσi ), (4.27)
λσσˆ = λiˆıδσˆıˆ (a
σ
i + ib
σ
i ) + λ˜
iˆıδσˆıˆ (a
σ
i − ibσi ).
Here ξ iˆıa , ξ˜
iˆı
a , λ
iˆı and λ˜iˆı are Grassmann fields depending only on the coordinates of M3 =
Σ × I. And we will shortly see that four independent fields among them will turn out to
be massless in the three-dimensional action after reduction.
With the fields expanded according to the above recipe, we can now do the dimensional
reduction on S2 for the fermion action. First, note that the Lagrangian can be written in
three parts:
ρmΛi( /∇S2)ΛΠρmΠ + ρmΛi( /DM3)ΛΠρmΠ + ρmΛ
i
2
(S − /T )ΛmnΠ ρΠn . (4.28)
After integrating over S2 the first and the last terms become mass terms in the three-
dimensional Lagrangian on M3, while the second term turns into the kinetic part.
To evaluate the action we decompose the spinor ρmΛ as a linear combination (coeffi-
cients being Grassmann fields on M3) of Killing spinors a, b on S
2 using definitions (4.22)
and (4.27). Further, we use the fact that the spinors a, b are eigenfunctions of κ /∇S2 as
shown in (4.25). Finally, to integrate over S2, we apply the scalar product formulae (4.26)
for the spinors a, b. For the first and last term in (4.28) this leads to an action
i
32pi2R˜
∫
M3
d3x
√
gM3 Tr[Bıˆˆij(λ
iˆıλjˆ + λ˜iˆıλ˜jˆ)−Bıˆˆij(ξaiˆıξjˆa + ξ˜aiˆıξ˜jˆa )
+ıˆˆBij(λ
iˆıλjˆ − λ˜iˆıλ˜jˆ)],
(4.29)
(known as twistor spinors in math literature). In equations
κ /∇a = 1
R
a
∇za− 12γ(2D)z /Da = 0
}
⇔ ∇za = 1
2R
γ(2D)z κa;
κ /∇b = − 1
R
b
∇zb− 12γ(2D)z /Db = 0
}
⇔ ∇zb = − 1
2R
γ(2D)z κb.
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while the second term becomes a kinetic term
iR
32pi2R˜
∫
M3
d3x
√
gM3 Tr[−2Bıˆˆij ξ˜aiˆıDaλjˆ − 2BıˆˆijξaiˆıDaλ˜jˆ]. (4.30)
Combining the above results, we finally reduce (4.28) to be
Sf =
iR
32pi2R˜
∫
M3
d3x
√
gM3 Tr[− 2Bıˆˆij ξ˜aiˆıDaλjˆ
−2BıˆˆijξaiˆıDaλ˜jˆ
− 1
R
Bıˆˆij(ξ
aiˆıξjˆa + ξ˜
aiˆıξ˜jˆa )
+
4
R
(B1ˆ2ˆ12λ
11ˆλ22ˆ +B2ˆ1ˆ12λ˜
12ˆλ˜21ˆ)].
(4.31)
We can see that there are four massless field components which are λ12ˆ, λ21ˆ, λ˜11ˆ and λ˜22ˆ.
Therefore, we find that in the lowest energy sector with eigenvalues equal to ±1/R,
there are massless three-dimensional fields contained. But for the higher modes, by (4.23),
the massive terms given by the /∇S2 term take a coefficient n with |n| > 1, whilst the
last term of (4.28) still takes the same coefficient of the lowest energy sector, so there is
no cancellation between the first and the last terms of (4.28). Then higher modes with
eigenvalues > 1/R are massive of order 1/R and thus decoupled from the low-energy
effective action when we take R → 0. This leads us to concluding that the low-energy
effective three-dimensional action is given by (4.31).
Here, we should point out that though the fermions λ12ˆ, λ21ˆ, λ˜11ˆ and λ˜22ˆ are massless,
they couple to the massive fermions ξ and ξ˜ in the kinetic terms; moreover, in the following
we will see that massless and massive components of λ and λ˜ couple to each other through
Yukawa coupling. Consequently, we have to keep all the massive fermions in the action
instead of just simply dropping them.
4.4 Interaction terms
Now, to complete our reduction to the three-dimensional action, we continue to discuss the
non-abelian interaction terms in the action. In our 5d Super-Yang-Mills theory, they take
the form
Sint =
1
32pi2R˜
∫
d5x
√
g Tr(ρmΛ[φ
mn, ρΛn ]−
1
4
[φmn, φ
nr][φrs, φ
sm]− 2
3
Smnφ
mr[φns, φrs]).
(4.32)
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After integrating over the sphere, keeping only those terms that directly couple to the
massless fermions, this term reduces to
Sint =
R
32pi2R˜
∫
M3
d3x
√
gM3 Tr[+2iκ
z
1ˆ1ˆ
B12λ
11ˆ[φz, λ
21ˆ] + 2iκz
2ˆ2ˆ
B21λ
22ˆ[φz, λ
12ˆ]
− 2iκz
2ˆ2ˆ
B12λ˜
12ˆ[φz, λ˜
22ˆ]− 2iκz
1ˆ1ˆ
B21λ˜
21ˆ[φz, λ˜
11ˆ]
+ 2i1ˆ2ˆB21ξ
a21ˆ[φa, λ
12ˆ] + 2i2ˆ1ˆB12ξ
a12ˆ[φa, λ
21ˆ]
− 2i2ˆ1ˆB11ξ˜a12ˆ[φa, λ˜11ˆ]− 2i1ˆ2ˆB22ξ˜a21ˆ[φa, λ˜22ˆ]
+ 8piR[φa, φb][φa, φb] + 8piR[φz, φw][φz, φw] + 16piR[φz, φa][φz, φa]
+ i
16pi
3
abcφa[φb, φc]].
(4.33)
4.5 Complex Chern-Simons theory as 3d effective theory
With the three-dimensional actions we obtained in Sections 4.1-4.4 for the massless modes
by reduction, we are now ready to derive the 3d effective theory, which is a complex Chern-
Simons theory, as we shall shortly see.
To get the final form of the fermion action, the next step is to integrate out the massive
modes (that directly couple to the massless modes). First, note that the fermion mass
terms are proportional to 1/R in the action (4.31), therefore their quantum fluctuations
are suppressed in the path integral when we take the dimensional reduction limit R → 0.
Thus integrating out the massive modes can be done by replacing the massive fermions
with solutions of their equations of motion:
ξiia = −RDaλ˜ii, ξi/ia = −R[φa, λi/i ],
ξ˜iia = −R[φa, λ˜ii], ξ˜i/ia = −RDaλi/i ,
λ11 = −R
2
[φz, λ
12]κz22
21, λ22 = −R
2
[φz, λ
21]κz11
12,
λ˜12 = −R
2
[φz, λ˜
11]κz11
12, λ˜21 = −R
2
[φz, λ˜
22]κz22
21,
(4.34)
where for making the notation more transparent, we use ii to denote indexes 11 and 22,
and i/i to denote 12 and 21 in the equation (i.e. i 6= /i). And note that in obtaining the
above solutions, we have already decoupled the terms that do not directly couple to the
massless fermions. Plugging this solution into the fermion action, we get
Sf =
iR2
32pi2R˜
∫
M3
d3x
√
gM3 Tr[2B1221Daλ
21Daλ12 + 2B1221Daλ˜
22Daλ˜11
+2B2112[φa, λ
12][φa, λ21] + 2B2112[φa, λ˜
11][φa, λ˜22]
−B12κz11κw2221[φw, λ12][φz, λ21]−B12κz11κw2221[φz, λ˜11][φw, λ˜22]].
By defining {λ˜11, λ12, λ21, λ˜22} = ψiˆı, the above action can be rewritten as
Sf =
iR2
32pi2R˜
∫
M3
d3x
√
gM3 Tr[ijBıˆˆDaψ
iˆıDaψjˆ + ijBıˆˆ[φa, ψ
iˆı][φa, ψjˆ]
−1
2
(−δzwijBıˆˆ + izwijıˆˆ)[φz, ψiˆı][φw, ψjˆ]],
(4.35)
– 20 –
while the action for bosons is
Sb =
R2
4piR˜
∫
M3
d3x
√
gM3 Tr[FabF
ab + 2DaφzDaφz + 2DaφbDaφb − i 2
R
abcφaFbc
+[φa, φb][φ
a, φb] + 2[φa, φz][φ
a, φz] + [φz, φw][φ
z, φw]
+i
2
3R
abcφa[φb, φc]].
(4.36)
The above action is invariant under the following supersymmetric transformation:
δAa = ζ
iˆıijBıˆˆDaψ
jˆ,
δφa = ζ
iˆıijBıˆˆ[φa, ψ
jˆ],
δφw = ζ
iˆı[φz, ψ
jˆ](−δzwijBıˆˆ + iwzijıˆˆ),
δψiˆı = 16piiwzκıˆˆB
iˆ[φz, φw],
(4.37)
where ζ iˆı is the Grassmann coefficient of supersymmetry transformation.
At the end of this section, we will see that the action defined above can eventually give
rise to the (imaginary part of the) complex Chern-Simons theory.
Q-exact terms
As elaborated in the introduction, we focus on the supersymmetric invariant sector of the
supersymmetric theory, whereby we consider only the Q-invariant observables. Under this
restriction, the Q-exact term in the action can be freely subtracted without affecting the
physics, i.e. without affecting the expectation value of the Q-invariant observables [20].
Let us define
Ξiˆı = Tr(ψiˆκ
ˆ
ıˆ[φz, φw]
zw). (4.38)
Then, by (4.37), we have
δiˆıΞiˆı = (−δzwijBıˆˆ + izwijıˆˆ)[φz, ψiˆı][φw, ψjˆ] + 16pii[φz, φw][φz, φw]. (4.39)
Here we find that the above Q-exact terms are just the non-linear terms for fields φz and
ψ in our action. And by the Q-exact property, we subtract them from the action freely for
simplifying our following discussion.
Ghost terms
As our purpose is to obtain a 3d theory depending only on Aa and φa, we need to integrate
out the terms containing the fields ψiˆı and φz in the action. After subtracting the Q-exact
terms (4.39) in the action, these terms – which we denote as Sgf – are left to be
Sgf =
R2
32pi2R˜
∫
M3
d3x
√
gM3 Tr[16piDaφzDaφz +BıˆˆijDaψiˆıDaψjˆ
+16pi[φa, φz][φ
a, φz] +Bıˆˆij [φa, ψ
iˆı][φa, ψ
jˆ]].
(4.40)
In the following we can see that the above fermions can be reinterpreted as Faddeev-Popov
ghosts of gauge fixing an emergent non-compact gauge symmetry.
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As the above action is quadratic, by performing the path integral, up to a normalization
factor, we get ∫
DφzDψe−Sgf = det(D2a + (adφa)2), (4.41)
where adφa denotes the operator of φa in the adjoint representation acting on fields. And
note that to get this result, we used the fact that the functional integral over two real
boson fields φz just cancels out the functional integral over two of the fermions fields ψ,
since the action forms for the bosons and fermions are identical.
Next, we shall see that the above path integral determinant (4.41) – together with
one gauge fixing term in the action – manifestly gauge fixes the non-compact part of the
complex gauge symmetry which is defined in the following.
Complex Chern-Simons Theory
Up to this point, we can summarize our result as∫
DAaDφadet(D2a + (adφa)2)e−S(φa,Aa), (4.42)
with
S(φa, Aa) =
R2
4piR˜
∫
M3
d3x
√
gM3 Tr[FabF
ab + 2DaφbDaφb − i 2
R
abcφaFbc
+[φa, φb][φ
a, φb]
+i
2
3R
abcφa[φb, φc]].
(4.43)
Then, by defining the complex gauge field as
Aa = Aa + iφa, (4.44)
the above action can be rewritten as
S(φa, Aa) = SCS +
R2
2piR˜
∫
d3xFabF¯ab − R
2
2piR˜
∫
d3x(Daφ
a)2, with
SCS = − R
4piR˜
∫
Tr(A ∧ dA+ 2
3
A ∧A ∧A) + R
4piR˜
∫
Tr(A¯ ∧ dA¯+ 2
3
A¯ ∧ A¯ ∧ A¯).
(4.45)
Since under the complexified gauge transformation gC, the divergence term (Daφ
a)2
is not invariant, thus it can manifest itself as a gauge fixing term. Under the non-compact
part of the gC gauge transformations, the fields φ and A transform as
δgφa = Dag, δgAa = [g, φa]. (4.46)
By these transformations, we have
δg(Daφ
a) = D2g + (adφ)
2g. (4.47)
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The above equation indicates that the Faddeev–Popov determinant for this gauge fixing
term is exactly the determinant in the modified measure (4.42). Therefore the non-compact
part of the gauge group is nicely gauge fixed. Furthermore, in the limit R→ 0, the second
Yang–Mills term in (4.45) is negligible and can be simply dropped. We then recognize our
action to be the imaginary part of the complex Chern-Simons theory, where the real part
of the level k = 0 and the imaginary part s = iR
R˜
.
5 Reduction to 2d theory and 4d-2d duality
5.1 Complex Toda
Since the complex Chern-Simons theory we got is on the manifold M3 = Σ × I, we can
further reduce the complex Chern-Simons to a two-dimensional theory of edges modes on
Σ.
Here we follow the discussion in [21]. On the boundary, (denoting p and p¯ as the
complex coordinates on Σ, while u the coordinate on I,) the gauge field Ap¯ can serve as
a Lagrange multiplier, and integrating it out in the path integral leads to the constraint
δ(Fpu), i.e. Fpu being flat. Under this condition, the gauge fields A = (Ap,Au) take the
form:
A = G−1d˜G, (5.1)
where G depends on p, p¯, u and d˜ is the exterior derivative on (p, u). Similarly, for their
complex conjugate fields, we have A¯ = G¯−1d˜G¯. Then in terms of the group fields G and
G¯, the complex Chern-Simons theory reduces to the WZW model
S =
k + is
2
IWZW (G) +
k − is
2
IWZW (G¯), (5.2)
with
IWZW (G) =
1
2pi
∫
Σ
Tr(G−1∂pGG−1∂p¯G) +
1
6pi
∫
Σ×I
Tr(G−1dG ∧G−1dG ∧G−1dG).
Here, the coupling constant (k, is) is the same as the coupling constant of the complex
Chern-Simons theory. So in the above WZW action, k = 0 and s = iR
R˜
.
Next, we will see that on the boundary, besides the flatness constraint Fpu = 0, the
gauge fields are actually further constrained by additional boundary conditions.
Our Chern-Simons theory is deduced from the six-dimensional (2,0) theory which is
the low-energy description of the world-volume theory of multiple M5-branes and hence
the boundary conditions imposed on Chern-Simons theory should be also inherited from
those imposed on the latter theory. Considering the dimensional reduction of the S1 circle
as the collapse of the eleventh-dimensional circle in M-theory, the M5-brane reduces to
the D4 brane [22, 23]. This reduction is consistent with our Chern-Simons theory where
the complex gauge field A = A + iφ is composed of the world-volume gauge field and a
triplet of twisted scalars of the D4 brane theory. Hence, the boundary conditions imposed
on M5-brane are analogous to those on D4-brane ending on D6-brane. Since the Nahm
pole bondary condition – which has been studied in detail in [24, 25] in the context of the
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D3 − D5 system – is a general property of the Dp − D(p + 2) system [26] for any p, we
should further impose the Nahm pole boundary conditions on our complex Chern-Simons
theory. Therefore, the flat connections should be further restricted to [7]
A = du
u
H +
dp
u
T+ +
n−1∑
j=1
χj(u)(T−)jujdp, (5.3)
where H is the Cartan generator and T+, T− are the raising and lowering operators as intro-
duced in [7]. Given the Nahm pole boundary condition, the WZW model can subsequently
reduce to the complex Toda theory [7]:
S =
k + is
4pi
∫
(Cij∂Φ
i∂¯Φj +
∑
i
exp(CijΦj)) +
k − is
4pi
∫
(Cij∂Φ¯
i∂¯Φ¯j +
∑
i
exp(CijΦ¯j)),
(5.4)
where Φ is related to the WZW group field G by an exponential change of variables and
contains r components where r is the rank of Lie group algebra g; Cij is the Cartan matrix
of g. The complex Toda theory is equivalent to a complex WZW model with an additional
constraint on the currents imposed by the Nahm pole boundary conditions. Note that in
our case k = 0.
The major property of both our complex 3d and 2d theories is that the real part of
the complex coupling constant, k, is zero. Following the discussion of [27] by Dimofte et
al., we first note that the Chern-Simons path integral on M is related to a wavefunction
in a boundary Hilbert space H∂M . And H∂M is given by the quantization of the classical
phase space associated to the boundary:
P∂M ' {flat connections A = dσ
σ
H +
du
σ
T+ +
n−1∑
j=1
χj(u)(T−)jσjdu}. (5.5)
In the above equation the Nahm pole boundary condition is imposed. Notably, this quan-
tization depends critically on the relative values of k and s, which determine the real
symplectic structure of the phase space. The quantization for the k = 0 case is elaborated
in [27].
Next, to discuss the two dimensional complex Toda theory with k = 0, we first note
that for the k ≥ 1 cases, the previous work by Cordova and Jafferis [7] showed that the
complex Toda theory is dual to the para-Toda theory plus a decoupled coset model. In
[7] the authors considered the six-dimensional (2,0) theory on S4l /Zk × Σ (k ≥ 1), then
they showed that its reduction to two-dimensional Σ gives rise to a complex Toda theory.
However, in their derivation from the complex Toda to the para-Toda theory, k can never
be zero; and the useful hint guiding them to the final result is the known generalized AGT
correspondence stating that the su(n) (2,0) theory on S4l /Zk can be described in terms
of a para-Toda theory plus a decoupled coset model [28], where S4l /Zk also can not be
generalized to include the k = 0 case. Therefore, we can not do a simple analogue in
our case, thus for now the relation between the complex Toda theory of k = 0 (i.e. the
imaginary part of the complex Toda theory) and the real Toda theory is not yet clear to
us.
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5.2 4d-2d duality
In our discussion hitherto, we have shown that by the reductions on S1 and S2, the 6d
(2,0) SCFT on S2 × Σ × I × S1 results in a complex Chern-Simons theory on Σ × I, and
then by the reduction on I under the Nahm pole boundary condition, this 3d complex
Chern-Simons gives rise to a complex Toda theory of k = 0 on Σ.
Here, we notice the following three facts – (I) the complex Toda CFT is conformal on Σ,
so we can freely resize Σ without altering the theory; (II) the complex Toda CFT is obtained
by reducing the 6d (2,0) SCFT, in a certain supersymmetric low energy sector, down to
Σ; and (III) we topologically twist along Σ. Because of (I) and (II), the aforementioned
supersymmetric low energy sector is insensitive to rescalings of Σ. Hence, with respect
to this supersymmetric low energy sector, our reduction of the 6d theory down to Σ –
which can be regarded as scaling Σ up to be much larger than S2 × I × S1 – would be
equivalent to a reduction of the 6d theory down to S2 × I × S1 – which can be regarded
as scaling Σ down to be much smaller than S2 × I × S1. Furthermore, because of (III),
we would not break any of the eight (conformally-extended) supercharges when we scale
Σ down – in other words, the reduction of the 6d theory down to S2 × I × S1 should
result in a 4d N = 2 supersymmetric theory. Altogether, this means that with respect
to this supersymmetric low energy sector, our results imply a 4d-2d duality between four-
dimensional N = 2 supersymmetric theory with boundary on S2 × I × S1 (where the
N = 2 supersymmetries are broken to N = 1 at the boundary by the Nahm pole boundary
condition11) and two-dimensional complex Toda theory on Σ.
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A Conventions
Our index conventions are shown as follows:
Lorentz indices 6d 5d S2 Σ × I
Vector (curved) µ, ν µ, ν θ, φ x, y u
Vector (frame) A,B A,B z,w (a, b)
Spinor – Λ,Π σ, τ α, β −
11Note that since the Nahm pole boundary condition is a general property of Dp−D(p+ 2) system [26],
for our discussion this boundary condition should also be imposed on the 4d theory. (The Nahm pole
boundary condition for the N = 4 super-Yang-Mills has been studied in detail in [24, 25] in the context of
D3−D5 system.)
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R-symmetry group SO(5) Sp(4)
R-symmetry indices Aˆ, Bˆ m, n
Following the above index conventions, the background fields in SO(5)R representation
convert to Sp(4)R representation as follows:
TmnBC = TAˆBC
(
ΓAˆ
)mn
, V mnA = VABˆCˆ
(
ΓBˆCˆ
)mn
, (A.1)
Smn = SBˆCˆ
(
ΓBˆCˆ
)mn
, Dmn,rs = DAˆBˆ
(
ΓAˆ
)mn (
ΓBˆ
)rs
. (A.2)
B 5d gamma matrices and operations on spinors
5d gamma matrices
Here we list explicit formulae that we use for gamma matrices in five dimensions with
Euclidean signature
Γ1 = 1⊗ κ1, Γ2 = 1⊗ κ2, Γ3 = κ1 ⊗ κ, Γ4 = κ2 ⊗ κ, Γ5 = κ⊗ κ, (B.1)
where {κ1, κ2, κ} are the standard Pauli matrices:
κ1 =
(
0 −i
i 0
)
, κ2 =
(
0 1
1 0
)
, κ =
(
1 0
0 −1
)
. (B.2)
They satisfy the Clifford algebra
{ΓA,ΓB} = 2gAB14×4. (B.3)
The same set of gamma matrices is used for both the Lorentz group SO(5)L and the
R-symmetry group SO(5)R.
The symmetric B matrices appearing in the text take the form
Bστ = B
στ = Bσˆτˆ = B
σˆτˆ := κ2 =
(
0 1
1 0
)
. (B.4)
Raising and lowering spinor indices
All five dimensional spinors in the text are elements of the spinor representation Spin(5),
as well as of the defining C4 representation of Sp(4). The latter is the R-symmetry repre-
sentation inherited from the six dimensional (2, 0) theory (as it survives the dimensional
reduction unbroken). To make the representation content manifest, we write the spinor as
ρΛm, where Λ labels the elements of the spinor representation of Spin(5) while m labels
those of the defining representation of Sp(4). However, Spin(5) ' Sp(4) (in particular
the spinor representation of Spin(5) is isomorphic to the defining representation of Sp(4)),
so we may treat both indices at equal footing and we adopt this convention throughout
the paper. Having said that, let us present the following discussion just for one of the
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two equivalent indices, for instance m of Sp(4). The elements of 4 (ρm) are isomorphic to
elements of the dual representation 4∨ (ρm) via the pairing
ρm = Ωmnρn, (B.5)
where we choose Ωmn in accordance with the R-symmetry breaking Sp(4)→ Sp(2)×Sp(2)
as
Ωmn = Ω(αˆσˆ)(βˆτˆ) = αˆβˆ ⊗Bσˆτˆ =
(
0 1
−1 0
)
⊗
(
0 1
1 0
)
. (B.6)
C Five-dimensional SYM in supergravity background
The action for the vector multiplet in the supergravity background consists of four terms
S = SA + Sϕ + Sρ + Sint, (C.1)
which are given as
SA =
1
8pi2
∫
Tr (αF ∧ ?F + C ∧ F ∧ F ) , (C.2)
Sϕ =
1
32pi2
∫
d5x
√
|g|αTr (DAϕmnDAϕmn − 4ϕmnFABTABmn − ϕmn(Mϕ)rsmnϕrs) , (C.3)
Sρ =
1
32pi2
∫
d5x
√
|g|αTr
(
ρmΛi /DΛΠρmΠ + ρmΛ(Mρ)mnΛΠ ρΠn
)
, (C.4)
Sint =
1
32pi2
∫
d5x
√
|g|αTr
(
ρmΛ[ϕ
mn, ρΛn ]−
1
4
[ϕmn, ϕ
nr][ϕrs, ϕ
sm]− 2
3
Smnϕ
mr[ϕns, ϕrs]
)
,
(C.5)
where the covariant derivatives act on ϕ and ρ as
Dµϕmn = (∂µ − ∂µlog(α))ϕmn − V rµ[mϕn]r + [Aµ, ϕmn],
Dµρm =
(
∂µ − 3
2
∂µlog(α) +
1
4
ωBCµ ΓBC
)
ρm − 1
2
V mµnρ
n + [Aµ, ρ
m].
(C.6)
And the supergravity induced mass matrices are
(Mϕ)
rs
mn =
[(
1
20α2
GABG
AB − R
5
)
δrmδ
s
n +
1
2
(
Sr[mS
s
n] − SstSt[mδrn]
)
− 1
15
Drsmn − TABmn T rsAB
]
,
(Mρ)
mnΛ
Π =
[
1
2
SmnδΛΠ +
1
8α
GAB(Γ
AB)ΛΠΩ
mn − 1
2
TmnAB (Γ
AB)ΛΠ
]
.
(C.7)
Here, R is the Ricci scalar curvature of the five-dimensional metric. This holds if the
dilaton is constant, which is true for our geometry. Then ωABµ is just the usual torsion-free
spin connection of Riemannian geometry
R = eµAeνB
(
2∂[µω
AB
ν] + 2ω
AC
[µ ω
B
ν]C
)
. (C.8)
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